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Abstract
Navigation in a GPS-denied environment is an essential requirement for increased robotics autonomy. While this is in some sense solved for a single robot,
the next challenge is to design algorithms for a team of robots to be able to map
and navigate efficiently.
The key requirement for achieving this team autonomy is to provide the robots
with a collaborative ability to accurately map an environment. This problem is
referred to as cooperative simultaneous localization and mapping (SLAM). In this
research, the mapping process is extended to multiple robots with a novel occupancy grid map fusion algorithm. Map fusion is achieved by transforming individual maps into the Hough space where they are represented in an abstract form.
Properties of the Hough transform are used to find the common regions in the
maps, which are then used to calculate the unknown transformation between the
maps.
Results are shown from tests performed on benchmark datasets and real-world
experiments with multiple robotic platforms.

Keywords: Simultaneous Localization and Mapping (SLAM), Multiple Robot,
Map Merging, Hough Space and Image Entropy.

1 Introduction
Simultaneous localization and mapping, or SLAM, first proposed by Smith and Cheeseman [35] and later improved by Leonard and Durrant-Whyte [27] and many others
since has become a cornerstone of mobile robotics. The ability for a mobile platform to
build a map and situate itself within that map without any prior knowledge of the environment has meant great improvements in robotics autonomy. In recent years, robotics
research has been trending towards multi-agent systems - systems of multiple robotic
agents that can coordinate and cooperate to achieve a task. For example, for a common
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task such as robotics exploration, it is necessary that robots be able to transmit and fuse
their relative world maps in real-time. This ability will allow the agents to make control decisions based upon the global map and result in the task being completed more
efficiently.
This is challenging because each agent is building a local map in its own local coordinates. It is cumbersome and sometimes unrealistic to assume that the robots have
knowledge of their relative poses either from prior knowledge or from encountering
each other in the environment. It is more desirable for the relative poses to be determined from the maps themselves to provide maximum flexibility of the solution.
As will be described, some past approaches to solving this problem have been based
on feature-based SLAM, which is problematic because it relies on extracting features
from measurements and is prone to information loss. Some approaches have used
view-based SLAM, however, they require the robots to meet in the environment [21]
or are too computationally expensive to be usable in real-time [2].
This paper presents a novel method for finding these unknown relative transformations using the Hough transform that will be shown to be fast and accurate. Individual robots perform a robust and accurate view-based SLAM using dense laser
ranger measurements [16] to generate a consistent local map of the environment. At
the multi-robot level, the map merging process is performed in two steps. First, geometric features are extracted from the occupancy grid maps built by the individual robots
performing view-based SLAM. Second, these features are matched across maps and
used to find the relative transformation. For feature extraction, we propose to use line
extraction based on the Hough transform. The advantage of this line extraction method
for this task over other methods such as RANSAC and split-merge is that we can more
easily and robustly perform the feature association in the Hough space rather than the
Euclidean space. Finding the relative rotation and translation of the maps is executed
by matching the peaks in the Hough space which correspond to lines in Euclidean
space. This parameter estimation problem can be solved with a separate instantiation
of a RANSAC-like algorithm, however, we show that it can be done more efficiently
and robustly using properties of the Hough transform. Notably, tracking multiple hypotheses, a known deficiency of RANSAC, is important for many environments that
contain many perpendicular lines. The result is a robust and efficient algorithm that
scales linearly with map size.
Simulation results based on published datasets as well as real world experimental
data are used to validate the methods.
The major contributions of this work are listed as follows:
• Multiple hypothesis: generally, in polygonal environments, multiple hypotheses
for the rotation alinement exist, due to the similarities in the environment. Processing all these hypotheses requires high computational demand. In this work,
a solution based on the Hough transform is proposed which generates only one
rotation hypothesis, which helps to save processing resources.
• Peak matching: To the best of our knowledge, this paper is the first paper that
applies Hough peak matching to map merging. In the literature, the Hough transform has been applied to localization and scan matching; however, applying
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the Hough transform to map merging requires additional problems to be solved,
which will be explained later.
• Effectiveness: it is shown expopeerimentally that the available map merging solutions, which are solely based on the correlation of the Hough images, can not
produce acceptable results if there is little overlap between the maps. The proposed method overcomes this problem by effectively identifying the overlap between the maps.
The next section will present a more detailed review of the existing literature in
the field of multiple robot feature-based and view-based SLAM. Section 3 explains the
problem and requirements. Section 4 will outline the proposed methods based on the
Hough transforms. Section 5 will present the results. Section 6 will discuss and explain
the comparison results and finally some conclusions are presented in Section 7.

2 Background of Research
As mentioned, many past approaches to multi-robot SLAM have used a feature-based
world representation where maps are represented by distinguishable objects. For example, in [37] a feature-based multiple robot SLAM is proposed which is based on
the information filter. In [42] a classic EKF-based solution is proposed. In [14] a feature based visual SLAM using particle filtering is proposed. A feature-based multiple
robot localization is proposed in [26] where fuzzy sets are used to represent uncertain
position information and fuzzy intersection is used to fuse data. In [1] an algorithm
for merging feature-based maps with limited communication is introduced. In [25] a
feature-based map merging for multiple robots under limited communication is proposed where determining and extracting good features remains as future work. While
the feature-based paradigm has been shown to be efficient and effective in certain environments, in general it is not. By extracting features, there is possible loss of data.
Thrun et al. state that “a lot of information is sacrificed by using features instead of
full measurement vector. This lost information makes certain problems more difficult,
such as data association problem of determining whether or not the robot just revisited
a previously explored location.” [38]. Since onboard processing has become so powerful, there is no longer a need to extract features from sensor data and potentially lose
useful information in the process. Especially this applies for dense range sensors such
as laser rangers.

2.1 View Based SLAM and Map Merging
View-based SLAM differs from feature-based SLAM in that no-features are explicitly
extracted [18]. Instead, entire scans are matched using scan matching algorithms [28]
and [5]. (Fig. 1)
In [21] a view-based multi-robot SLAM algorithm is proposed using a particle
filter. In their method, it is assumed that robots will meet each other at a point. At the
meeting point robots know their relative positions and from this point a particle filter is
applied to the data in reverse temporal sequence to make a global map. The proposed
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Figure 1: P1 to P4 are poses of a robot at four time instances. (a) Feature-based SLAM.
L1 to L9 are detected features used for localization. (b) View-based SLAM. V1 to V4
are corresponding views. No features are extracted, instead views are matched for
localization.
method finds the initial state of the robots but it cannot be applied when robots cannot
see each other or the relative poses are not known. In [22] a similar method but with a
central agent and 80 robots is used. The method proposed in [21] is moderately fast but
demands high computational power and memory since it is based on particle filtering.
In [36] a probabilistic multiple robot view-based SLAM is proposed. The limitation with this method is that the initial pose of the robots are assumed to be known
approximately prior to the start of the mission.
An effective and fast approach to multiple robot SLAM rests on the concept of
the map merging or map fusion. In [2] a solution is presented based on occupancy
map merging. This method uses map-distance as a similarity index and tries to find
similar patterns in two maps based on a random walk algorithm. The main drawback
of this method is that it usually fails especially when there are fewer similar patterns
in both maps. The method proposed in [13] is based on the solution proposed in [2],
except that individual robots are using Distributed Particle SLAM (DP-SLAM) version
2.0 [10] for filtering. The method proposed in [2] and used in [13] is a highly time
consuming algorithm. This is problematic especially for the large scale maps which
are a typical problem in indoor environments. In [13] maps are updated by applying
a simple rule: the minimum occupancy grid value between the two maps is used for
merging. For example an occupied cell in one map is assumed to be occupied in both
maps. A similar method is proposed in [4] with simulated annealing and hill climbing
used to merge maps. This method also becomes ineffective in maps with less overlaps.
In [17], multiple robot SLAM based on topological map merging using both structural and geometrical characteristics of the Voronoi graph is proposed. In this case
the topological map is built on the occupied space as opposed to the free space. The
assumption in this work is that a robot will be able to recognize areas of the map that
correspond to vertices. The method in [17] is claimed to be fast. However, a limitation
is that the map and pose are not updated.
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As will be described, the Hough transform is an alternate way to represent the
geometrical data within the map that has some useful advantages. This approach has
been used for map merging in the past [3] where the rotation and translation are derived
in separate steps similar to our approach. However, as is shown in the experimental
results section, the main drawback of their solution is that it fails when there is not
enough overlap between the input maps. Specifically, their approach to finding the
relative translation depends on a map projection. If there is insufficient shared regions
in projections, the proposed translation finding method produces wrong results. Our
experimental results show that our method improves upon past methods in this respect.
It should be emphasized that the accuracy of any multiple robot SLAM solution
which is based on the map merging, depends on the accuracy of the individual local
maps of the robots. Therefore to have a better and consistent global map, it is important
to use a robust SLAM solution to generate local maps. In this research individual robots
are performing SLAM using an improved grid mapping [16].

2.2 The Hough Transform
Performing map merging requires finding overlaps between maps and this usually requires a search operation. Generally this is a difficult task due to:
• Modeling: A mathematical representation for objects in maps is necessary to
compare objects.
• Partial views: Map features from different view angles may look different.
• Geometric relations: The internal relation of map features is an inherent property that makes each map unique.
Performing this search in Euclidean space is difficult. However, by transforming the
map into a different representation, certain image properties can be exploited to make
the problem easier. The Hough transform turns out to have many such properties. For
example, line segments, which are common in most structured environments, are modeled as an intensity point in the Hough space. Relative relations of line segments are
represented by the distances between intensity points. Additionally, since the Hough
transform is generated over an angle range of 360◦, then all views in the Hough space
are included and the problem of partial views can be eliminated.
There are a variety of methods to extract geometric information like line segments
from maps or laser ranger measurements [29], [19]. The Hough transform [8] and
the Radon transform [32] are two classical methods for line extraction which have
different applications. The results of the Hough and the Radon transforms on a map
are almost identical, although the approach of these two methods are different. The
Radon transform is the projection of the image intensity along a radial line oriented
at a specific angle, while the Hough transform is a parametric model of each nonbackground point.
Other methods like Split-Merge [9] and RANSAC [12] are fast and effective for line
extracting, but because of interesting properties of the Hough transform, in this work
we will primarily use the Hough transform. The details of this construct are presented
here.
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Figure 2: Hough modeling.
The basic form of the Hough transform, as shown in Fig 2, maps every (x, y) point
from the image space into the (θ, ρ) space, known as the Hough space, based on the
following relation:
ρ = xcosθ + ysinθ.
(1)
As a result, each (x, y) point is represented as a sinusoid in the Hough space. The sine
waves of a set of points belonging to a line segment all intersect at a point in the Hough
space. Line segments in the image space with different lengths are mapped to points
with different intensities proportional to the length of the lines. The image generated
from the Hough transform of all points of the map is called the Hough image. Since
the Hough image is periodic, it is sufficient to consider only a limited range of angles:
θ ∈ [−π/2, π/2). Three useful properties of the Hough image are described here:
Property 1: If a map, m = map(x, y) is transformed to m′ = map′ (x, y) by a
T

rotation matrix Rψ and a translation vector T = δx δy , then the coordinates of
the Hough space of the corresponding Hough images, H(θ, ρ) and H′ (θ′ , ρ′ ) will have
the following relation [23] (the superscript T denotes the matrix transpose):
θ′

=

′

=

ρ
that is

θ+ψ


ρ + cos(θ + ψ) sin(θ + ψ) T,

(2)
(3)

m′ = Rψ ⊗ m ⊕ T ⇒


H′ (θ, ρ) = H(θ + ψ, ρ + cos(θ + ψ) sin(θ + ψ) T ).

The operators ⊗ and ⊕ are rotation and translation operators applied on m. Rψ and T
are rotation matrix and translation vector. Fig 3 shows this property of Hough image.
Property 2: If m = m1 + m2 then the superposition relation applies to Hough images:
Hm (θ, ρ) = Hm1 (θ, ρ) + Hm2 (θ, ρ).
Property 3. A line segment with the length of L given by y = ax + b in Cartesian
coordinates, results in a point with intensity of L in the Hough space located at the
point (θ, ρ) given by:
θ

=

arctan a − 90◦

(4)

ρ
H(θ, ρ)

=
=

b sin θ
L.

(5)
(6)
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Figure 3: Effect of the transformation of maps on the Hough images according to
Property 1 a) An example occupancy grid map. b) Hough image of the map over 180
degrees. Labeled points correspond to the the line segments. c) The map is rotated 15◦
and translated 50 cells along both axes. d) Hough image of the transformed map over
180 degrees
2.2.1 Applications to Robotics Localization and Mapping
In robotic applications, the Hough transform has also been used in scan matching [6]
and localization [23], [15], [24]. Censi et al. [6] propose a solution for scan matching, called Hough scan matching (HSM). In HSM, a spectrum function is defined for
the Hough image of each laser scan. Then the spectrum functions and their correlations are used to find the transformation between laser scans. The same approach has
been adopted by S. Carpin [3] for map merging. However, this approach needs significant overlap between the Hough images to work well. For scan matching, HSM
is successful because consecutive scans usually have a lot of overlap; this technique
does not produce good results for map merging when little overlap is available. This
approach will be further elaborated, and the results will be compared with Carpin’s, in
7

the experimental section.
For mobile robot localization, X. Yun et al. [40] propose a method using the Hough
transform. In this solution, the Hough transform is used to identify wall-like features
from noisy sound navigation and ranging (SONAR) data. Then these features are used
to localize the robot. Because of the noisy SONAR data, this approach is vulnerable to
the resolution of the map and the Hough images; however, a neural network approach
is used to compensate for this problem.
Iocchi et al. [23], [24] extend the Hough localization into a probabilistic framework. In this framework, an extended Kalman filter is used to estimate the pose of the
robot. At each time, the pose is predicted using dead-reckoning and then updated by
the Hough map matching method. To perform map matching, the Hough image of the
known map of the environment is matched with the Hough image of the local map built
locally by the robot’s sensor. This method is robust and seems to be computationally
efficient, because the Hough image of the environment can be obtained in advance and
the Hough image of the local map can be generated quickly due to the small size of
the local maps. However, this solution assumes a small error exists for the pose of the
robot. This assumption restricts the application of this method to the multiple-robot
SLAM problem. In other words, dead-reckoning provides a good initial estimate for
the pose of the robot. The solution presented in this work differs from [23] and [24] in
which no initial estimate is available.
Grisetti et al. [15] extend the work by Iocchi et al. [23], [24] for the global localization problem, where the robot is not aware of its initial position. The solution
presented in this work differs from Grisetti’s work for localization in several different
respects. First, in global localization, correlation of the map and the sensor measurements is used to calculate the translation and orientation. This solution works only
when there is a significant overlap between the map and the measurements which is
a valid assumption for localization; however, this assumption does not hold for map
merging. In fact in map merging, overlaps have to be identified prior to any processing. Second, Grisetti et al. calculate multiple hypotheses for the rotation, and then for
each hypothesis they calculate a separate translation. This increases the computational
demand. In our proposed method, multiple hypotheses are handled in such a way that
only one candidate for the rotation exists. Third, for each angle of the Hough image,
Grisetti et al. use the aggregation of all points of the Hough image within that angle
to produce a signal which is a function of the angle only. Then the signal is used for
correlation. It is shown that this method, similar to averaging over angles, provides
poorer results in map merging. In other words, techniques proposed by Iocchi et al.
[23], [24] and Grisetti et al. [15] are more suitable for the localization problem. Our
approach improves upon their works in the context of multi-robot mapping in unknown
environments without knowing relative positions of the robots.

3 Problem Statement
In this section, formal definitions and requirements for multiple robot SLAM by map
merging are presented. First single robot SLAM and occupancy grid map are introduced mathematically, then the map merging problem is discussed.
8

3.1 Single Robot SLAM
Single robot SLAM is defined as follows. At times 1, 2, .., t, let x1:t and z1:t denote corresponding sequences of poses and measurements, respectively. The sequence of action
signals is given by u1:t−1 . The goal for SLAM is to calculate the posterior over the map
and the trajectory given the action and measurement signals: p(m, x1:t |z1:t , u1:t−1 ).
In Rao-Blackwellized Particle Filtering (RBPF) [18], [16], which is used in this
paper to perform single robot SLAM, the posterior is factorized as follows:
p(m, x1:t |z1:t , u1:t−1 ) = p(m|z1:t , x1:t )p(x1:t |z1:t , u1:t−1 ).

(7)

p(x1:t |z1:t , u1:t−1 ) is calculated by a particle filter using the motion and sensor models.
Once x1:t is calculated, p(m|z1:t , x1:t ) is calculated analytically.

3.2 Occupancy Grid Mapping
Occupancy grid map is a standard method for mapping using ranger measurements. A
map m can be represented as a set of N grid cells, attached to each is a binary random
variable, showing its occupancy:
m = {mi }, i = 1, ..., N.

(8)

The binary random variable specifies whether a cell is occupied (‘1’) or free (‘0’), then
p(mi = 1) or p(mi ) represents the probability that the cell is occupied.
In an occupancy grid map, it is desired to calculate the posterior over the map given
the trajectory of the robot and available measurements as follows [38]
Y
p(mi |z1:t , x1:t )
(9)
p(m|z1:t , x1:t ) =
i

The factorization defined in (9) makes updating the map tractable.
Assuming initially a cell i has unknown occupancy, p(mi ) = 0.5, at time t, if the
cell is in the perception field, its value is calculated using following recursive relation:
lt,i = lt−1,i + log

p(mi |zt , xt )
.
1 − p(mi |zt , xt )

(10)

where lt,i is referred to as the log odds and is defined as
lt,i = log

p(mi |z1:t , x1:t )
,
1 − p(mi |z1:t , x1:t )

(11)

The log odds representation helps to avoid numerical instabilities for near zero or one
probabilities. The probability of p(mi |zt , xt ) is sensor specific and for a laser ranger
can be modeled using the approach presented in [38]-Ch.9.
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3.3 Map Merging
Let a transformation be composed of a 2 × 2 rotation matrix Rψ and a 2 × 1 translation
vector T as follows


 
cos ψ − sin ψ
δ
(12)
Rψ =
,T = x ,
δy
sin ψ
cos ψ
Let m1 and m2 be two occupancy grid maps. Assuming that m2 is merged into m1 ,
the map merging problem is defined as: find a rotation matrix, Rψ and a translation
vector, T which transforms m2 such that the overlaps of m1 and the transformed m2 ,
m′2 , fall on each other. To do this it is required to maximize a verification index defined
on the merged map:
(13)
(Rψ , T ) = argmax V (m1 , m′2 ),
ψ,δx ,δy

m′2

where
means that the m2 is transformed according to Rψ and T . V (·) is a criterion
that evaluates the merging process and will be explained in subsequent sections.
This optimization is not easy to solve analytically and some methods like [4] uses
an exhaustive search to find a transformation matrix and then checks (13) to see if it
is satisfied. This paper proposes a novel approach that uses the Hough space to find a
good estimate of the optimized Rψ and T very efficiently.
Fig. 4 depicts an example of map merging with three maps. The overlap between
map1 and map2 is shown with a dashed ellipse and the overlap between map1 and
map3 is shown by a solid line ellipse. To find the required transformation, the first
step is to identify overlaps, then use the overlaps to calculate the alignment and finally
verify the results using (13).
The map merging problem can be interpreted as a special case of image registration
in computer vision where images are maps with special geometry. However, the problem is that in multiple robot map merging, the percentage of overlap between maps is
usually low.
After finding the relative transformation between two maps, m1 and m2 , the probabilities are combined to produce the final map. The data that is received from the
transformed map, m′2 is akin to a batch of sensor data and should be incorporated
by using the additive property of the log odds representation of occupancy originally
defined in (11):
f used
1
′2
lt,i
= lt,i
+ lt,i
,
(14)
1
′2
for all i = 1..N . Where lt,i
and lt,i
are defined in (11). The superindices are used
1
to identify the maps, l is for m1 and l′2 is for m′2 . lf used represents the fused map,
mf used .

4 Map Merging with Hough Transforms
Fig. 5 shows the algorithm for two robots with unknown relative positions and each
with its own local map. Note that this algorithm is scalable and can be used for more
than two robots. Maps in this algorithm are assumed to be in the form of occupancy
grid maps.
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map1

merged maps

map2

map3

Figure 4: An example of map merging. Three maps are merged to form a complete
map of the environment. The overlap between map1 and map2 is shown with a dashed
ellipse. The overlap between map1 and map3 is shown with a solid line ellipse.
According to Fig. 5, the flow diagram of the system, inputs are map1 and map2 .
First, in the Hough Rotation block, a function is applied to the Hough images of the
inputs to find the relative orientation. This block produces one approximate solution.
In the Multiple Hypothesis block, multiple accurate estimates are produced. Results
of these two block are combined to generate one accurate solution for rotation. Then
this result is tuned in the Tuning Rotation block. After finding the orientation, in the
Hough Translation block, an approximate translation is found using oriented Hough
images. The approximate translation is adjusted in the Entropy Tuning block using
image entropy. Finally, in the Similarity Index block, results are verified to ensure the
accuracy of the map fusion.
For two given maps, m1 = map1 and m2 = map2 , assume that m1 is composed
of two parts, a set of cells, m, that exists in m1 and m2 and a set of cells ∆1 that exist
only in m1 (Fig .6). The same assumption applies to m2 where m exists in both maps
and ∆2 exists only in m2 :
m1

,

{m} ∪ {∆1 }

(15)

m2

,

{m} ∪ {∆2 }.

(16)
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Tuning Rotation
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Hough Translation
Entropy Tuning

Verification
Similarity Index
Fused Map

Figure 5: The proposed map fusion algorithm. The two input maps are fused by finding
their relative transformation matrix. No prior information is available regarding the
relative position of two robots.
According to Property 2, the Hough image of m1 is:
Hm1 (θ, ρ) = Hm (θ, ρ) + H∆1 (θ, ρ).

(17)

T

Assume that Rψ and T = δx δy are transformation elements that can fuse these
two maps. According to Property 1 and Property 2, the Hough image of m′2 , the
transformed m2 , becomes:


Hm′2 (θ, ρ) = Hm (θ + ψ, ρ + cos(θ + ψ) sin(θ + ψ) T )+


H∆2 (θ + ψ, ρ + cos(θ + ψ) sin(θ + ψ) T ). (18)

If there is a method to identify the overlaps between maps, {m}, then the transformation is calculated by the fact that the Hough transform of {m} from map1 should be
the same as the the Hough transform of {m} from the transformed map2 , m′2 :


Hm (θ, ρ) = Hm (θ + ψ, ρ + cos(θ + ψ) sin(θ + ψ) T ).
(19)
The main tasks which are addressed in the following sections are:
• how overlaps can be identified and
• how the transformation is calculated from (19).
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Figure 6: For two given maps, m1 and m2 , m is the overlap of the maps. ∆1 and ∆2
are non overlapping parts of each map.

4.1 Extracting Relative Orientation of Maps
To calculate the transformation, it is required to find overlaps of maps. To find overlaps
between maps, they should be compared with each other. One way to compare maps
is to extract features from maps and then match features against each other. In general
extracting map features is not easy, however, in structured environments, where maps
are composed of line segments with different sizes, features can be extracted using the
Hough transform. As explained, if the Hough transform is applied to an occupancy
grid map, line segments appear as local peaks and the relation of local peaks in the
Hough space, corresponds to the geometry of the real world. In fact, peak points are
treated as features extracted from maps.
Let us assume that H1 and H2 are the Hough images of map1 and map2 . According to Property 3, the internal relations of the local peaks of H1 and H2 correspond
to special geometric shapes (composed of line segments) in the maps. By comparing
these peaks overlaps are identified in both maps (see Fig. 3 as an example where there
is a full overlap). These overlaps are used to find the rotation. The only limitation with
this approach is that if there are similar patterns in both maps, the extracted overlaps
may not be completely accurate.
In order to find a correct solution, the key is to correctly associate the relative peaks
from the two Hough transforms. This is achieved using the values of the peaks, which
can be mapped to the lengths of the line segments in the original maps.
Algorithm 1 shows the peak association and rotation calculation. Inputs to the
algorithm are the Hough images of map1 and map2 , denoted by Hmk where k =
1, 2. k is the number of robots, but here the algorithm is explained for two robots for
simplicity.
vgate is a parameter used to reject outlier peaks. If the difference of values of two
peaks is more than vgate then they are not considered as associated points.
The local peaks of Hough images of map1 and map2 are denoted by Pk where
k = 1, 2 (line 1-2). Pk is defined as
k
Pk = {pik }ni=1
, pik = (θki , ρik , vki ).

(20)

Pk is a set of nk points, each with triplets (θki , ρik , vki ). The first two arguments are the
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Algorithm 1 Relative Rotation.
Input: Hm1 , Hm2 , vgate
Output: ψ
◮ Hough Rotation Block
1: P1 ← local peaks of Hm1
2: P2 ← local peaks of Hm2
3: C ← ∅
4: for i⋆ = 1 → |P1 | do
⋆
5:
j ⋆ ← argmin |v1i − v2j |
6:
7:
8:
9:
10:
11:

j
i⋆
|v1 −

⋆

δv ←
v2j |
if δv < vgate then
C ← C + (i⋆ , j ⋆ )
end if
end for
|C|
X
1
(tan θ1in − tan θ2jn )
ψ̂ ← |C|
n=1

◮ Multiple Hypothesis Block
12: h1 (θ) ← f (Hm1 (θ, ρ))
13: h2 (θo + ψ) ← f (Hm2 (θ, ρ))
14: Ψo = {ψoi }li=1 ← h1 (θ) ⊛ h2 (θ + ψ)
15: ψo ← argmini (|ψoi − ψ̂|)
◮ Rotation Tuning Block
16: α1 ← ψo − Λ
17: α2 ← ψo + Λ
θ=α1 :α2
θ=α1 :α2
18: δψ ← argmaxθ max(Hm
) − argmaxθ max(Hm
)
′
1
2
19: ψ ← ψo + δψ

Hough coordinates and the last is the value of the peak at that location in the Hough
image. Set C holds pointers to associated peak points from P1 and P2 , defined as:
C = {(in , jn )}, i = 1, ..., n1 , j = 1, ..., n2 , n = 1, ..., N

(21)

where (in , jn ) means pi1n is associated with pj2n . N is the total number of associated
points, denoted by subscript n.
Initially C is empty (line 3). For each peak from P1 , its candidate associated point
from P2 is found by a simple search algorithm (line 4-5). If the difference of peak
values is less than a threshold (line 6-7), then points are considered to be associated
and added to C (line 8). After finding all correspondences, the slopes of the lines
are calculated based on Property 3. The average difference of slopes provides an
estimate for the relative rotation (line 11). Based on experiments this estimate is not
very accurate. However, the estimated rotation is used to find a better solution for the
rotation.
Let us assume there exists some function f (·), taking an array as its input and
outputting a scalar, that is applied to a Hough image at a fixed angle, θo . Therefore the
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input of f (·) is dependant only on the second input of the Hough image.

h(θo ) = f (Hm (θ, ρ)θ=θo )
(22)

where f (Hm (θ, ρ)θ=θo ) means that the input of f (·) is one column of the image Hm
which corresponds to the angle θo . By applying f (·) to the Hough images of m1 and
m2 , we will have:
f (Hm1 (θ, ρ)|θ=θo )

h1 (θo ) =

f (Hm2 (θ, ρ)|θ=θo +ψ ).

h2 (θo + ψ) =

(23)

where h1 (·) and h2 (·) are showing the result of applying f (·) on the Hough image at
each angle.
f (·) should be designed in such a way that h1 (·) and h2 (·) have highly similar
patterns. This is feasible because according to Property 1 the second argument of
the Hough image after transformation is shifted by a specified amount. Therefore any
Order Invariant Function (OIF)1 like max, averaging over non zero elements or entropy
would be a good candidate for f (·).
By extending (23) to all angles, θo = [−π/2, π/2), two function from images are
extracted; h1 (θ) and h2 (θ + ψ) (line 12-13). To extract ψ, which is the relative rotation
between m1 and m2 , a circular cross correlation is used. The cross correlation must be
circular because the Hough image is periodic and boundary effects in periodic signal
should be avoided:
Ψo = h1 (θ) ⊛ h2 (θ + ψ).
(24)
where ⊛ calculates the circular cross correlation of h1 (·) and h2 (·) and outputs local
peaks as candidate rotations. The subscript o denotes that the outcomes of (24) are
initial estimates and will be refined later. The location of the peak in the correlation
shows an estimate for the relative rotation between the maps.
Intuitively, if max is used as the function f (·), it will be equivalent to extracting
peak points (which represent long walls) at each angle from both maps and finding the
correlation between them.
In circular cross correlation, due to incomplete overlap between maps, process
noise and periodicity, other local maxima should be taken into account as potential
solutions. Therefore multiple peaks are considered and only one is accepted by a rotation verification process.
Let us assume that there are l rotation candidates defined as (line 14):
Ψo = {ψoi }li=1

(25)

At line 11, only one estimate was calculated, called ψ̂. ψ̂ is used in a rotation verification process. This estimate is approximate but since members of Ψo are highly sparse,
it can help to select the best rotation from the set Ψo by the following relation (line 15):
ψo = argmin(|ψoi − ψ̂|),

(26)

i

1 An OIF is a function that reordering its input arguments does not effect the output. For example
f (a1 , a2 , a3 , a4 ) = (a1 +a2 )2 +(a3 +a4 )2 is not an OIF but f (a1 , a2 , a3 , a4 ) = (a1 +a2 +a3 +a4 )2
is.
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which means the best rotation candidate is the one closest to the only approximate
rotation.
The rotation can be tuned by performing a comparison between the peak points of
the Hough images of m1 and m′2 , the rotated m2 by ψo . This means that given an initial
start angle, ψo , the peak comparison process can be performed around the rotation
angle, ψo and within the interval (α1 , α2 ) where α1 = ψo − Λ and α2 = ψo + Λ (line
16-19).
δψ

=

θ=α1 :α2
θ=α1 :α2
) − argmax max(Hm
),
argmax max(Hm
′
1
θ

θ

ψ

=

ψo + δψ

2

(27)

θ=α1 :α2
where Hmap
is the Hough image of the input map over the specified domain of
angles (θ). This means the Hough image is prepared around ψo with the interval of
(α1 , α2 ), where Λ is an arbitrary small interval in which the resolution of the Hough
image is higher than 1o resolution used in the previous step. max function operates the
same way as f (·) does in (22). δψ is the amount of the tuning angle added to ψo and ψ
is the tuned rotation.

4.2 Extracting Relative Translation of Maps
Now assume that H1 and H2′ are the Hough images of map1 , m1 , and rotated map2 ,
m′2 . As for Algorithm 1, local peaks of H1 and H2′ represent special geometric shapes.
By comparing these peaks it is possible to find the overlaps between maps. To account
for the geometric relations between the local peaks, the proposed algorithm can be
done iteratively like point cloud matching. However, experiments show that if outliers
are rejected by properly tuned parameters, one iteration suffices. Another advantage of
matching peaks is that the lines and geometric shapes in the maps are represented as
intensity points in the Hough images and generally dealing with points is much easier
than with shapes.
To establish the correct peak association two types of information from the Hough
images are used: the values of the peaks and the distance between peaks with the same
value and orientation.
Algorithm 2 shows the peak association and translation calculation. The inputs to
the algorithm are the local peaks of the Hough image of map1 , P1 , and the local peaks
of the Hough image of the rotated map2 , P2′ . These two sets have the same structure
as that introduced in (20), except that the prime superscript on P2′ shows that the peaks
are extracted from the Hough image of map2 after applying the rotation. dgate and
vgate are used to reject outliers.
Similar to Algorithm 1, as introduced in (21), set C is defined to hold associated
points from P1 and P2′ .
Initially C is empty (line 1). α spans from −90◦ to 90◦ (line 2). At each α, there
are limited (or no) local peaks. For each local peak residing at α, associated points
from P2′ are found considering the minimum difference in peak values, |v1i − v2j | and
distance |ρi1 − ρj2 | over the range of U = {(i, j) ⊂ N2 |i = 1, ..., n1 , j = 1, ..., n2 }
(line 3). While peaks of map1 are at α, the algorithm looks for its associated peaks at
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δα , where δα is an interval defined as [α − δ, α + δ]. The reason to include this interval
is to take into account possible inaccuracy of the rotation. For example, for a given
peak from P1 at angle 50◦ , its associated peak from P2′ might reside at 51◦ because of
inaccurate rotation. δ in this research is considered to be 1◦ .
The gate values, dgate and vgate , are used to reject outliers. This means that if the
difference of peak values of two cells is less than vgate and their distance is less than
dgate , then the cells are associated. If there exists corresponding peaks, they are added
to C (line 4-8).
According to Property 1, for each pair of associated points the following relation
is established (ψ = 0 for H1 and H2′ ):


(28)
ρ′i = ρi + cos θi sin θi To

Considering this relation for all N corresponding points, the following relation can be
formulated:

 
 ′
cos θ1 sin θ1
ρ1 − ρ1
  ..

..  T .
..
(29)
= .

.  o
.
ρ′N − ρN

cos θN

sin θN

This equation can be written in the form of B = ATo and the least squares error
solution for this equation is (line 10-11)
To = (AT A)−1 AT B.
Algorithm 2 Relative Translation by matching peaks of the Hough images
Input: P1 , P2′ , dgate , vgate , ∆x , ∆y
Output: T
◮ Hough Translation Block
1: C ← ∅
2: for α = −90◦ → α = 90◦ do


j
j 
i
⋆ ⋆
i
3:
(i , j ) = argmin(|v1 − v2 |, |ρ1 − ρ2 |) θi = α
1

U

⋆

θ2j = δα

⋆

δv ← |v1i − v2j |
⋆
⋆
5:
δρ ← |ρi1 − ρj2 |
6:
if δv < vgate and δρ < dgate then
7:
C ← C + (i⋆ , j ⋆ )
8:
end if
9: end for
10: Calculate A and B from C based on (29).
11: To ← (AT A)−1 AT B
◮ Entropy Tuning Block
12: tr ← argminS {H(J(m1 , Tx,y (m′2 ))}
4:
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(30)

The calculated translation can be tuned to provide more accurate results. This is
done using image entropy. Image entropy is defined as:
X
H(map) = −
p log2 (p),
(31)
where p is the normalized histogram of map. Entropy is a statistical measure of the
randomness associated with an image and is usually applied to characterization of image texture. A translation is desired which minimizes the entropy of aligned maps.
To do this optimization, an exhaustive search in the neighborhood of the approximate
translation is done. It is challenging to use guided search algorithms like Genetic Algorithms (GA) or Particle Swarm Optimization (PSO) because in many cases the best
solution may occur very close to very poor solutions. The size of the search space
is determined by experience based on the performance of the approximate translation
method. In addition, if the total allowable time for searching can be determined, the
size of the search space can be specified such that the search is completed within the
allotted time. Usually a search space with a radius of ten cells around the current approximate solution is acceptable considering the required time constraints and accuracy
of the previous result.
The following relation gives the best translation vector (line 12):
 
δ
T = x = argmin{H(J(m1 , Tx,y (m′2 ))}
δy
S
S = {(x, y) ⊂ N2 |δxo − ∆x < x < δxo + ∆x ,
δyo − ∆y < y < δyo + ∆y }

(32)

where m′2 is the rotated m2 by ψ and Tx,y (map) means that the input map is translated
according to the values of x and y. J(map1 , map2 ) means both input maps, map1
and map2 are fused using (14) and are in the same coordinate frame according to
the coordinates of the first input, map1 . S is the search space, defined as a rectangle
centered at (δxo , δyo ) with dimensions 2∆x × 2∆y . T is the tuned translation vector.

4.3 Verification of Results
After finding the transformation matrix, a verification is performed. A performance
index, called the similarity index [2] is used and measures the similarity of two maps
over some desired region. When there is more overlap between two maps, there will
be an extremum in the index. This index is composed of two components:
agr(map1 , map2 ) = |{p = (x, y)|map1 (p) = map2 (p)}|,
dis(map1 , map2 ) = |{p = (x, y)|map1 (p) 6= map2 (p)}|,

(33)

where the operator | · | over a given set returns the cardinality of the set. The function
agr(·), the agreement index, is the number of known cells with equal status in both
maps (either both occupied or both free). The function dis(·), the disagreement index,
is the number of cells which are known in at least one map and have unequal status.
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The similarity verification uses the ratio of agr(·) and dis(·) as given by:
V (m1 , m′2 ) =

agr(m1 , m′2 ) × 100%
,
agr(m1 , m′2 ) + dis(m1 , m′2 )

(34)

where m′2 is the final transformed m2 and V (m1 , m′2 ) is the verification index. If
V (m1 , m′2 ) is larger than a threshold, then the proposed transformation can be accepted. The maximum verification percentage occurs at the exact transformation so it
is very likely that the transformation matrix that has been found is correct.

5 Experimental Results
This section presents hardware and software setups and some experimental results.
For real world experiments, three differential-wheeled robots are used where one is
shown in Fig. 7. The robots are built by CoroWare, Inc. and each is equipped with
High Speed Phidget Encoders and a Hokuyo UBG-05LN laser ranger. Data from these
sensors are fused using a particle filtering scheme [21]. In the rest of the section, first
an experiment on a dataset is explained in detail. Then an experiment is performed in
Gazebo with four robots on a simulated environment. Then an experiment with two
robots in a real-world is presented and at the end another experiment with three robots
is demonstrated.

Figure 7: experimental robots.

5.1 RADISH dataset, Fort AP Hill
The first experiment is performed on RADISH Fort AP Hill dataset [31]. This is an
open source and well-known dataset which is used as a benchmark dataset for viewbased multiple robot SLAM. The raw laser ranger and encoder data are recorded in
standard Player format [39] and fuzed by particle filtering [21].
Figs. 8-a and Fig. 8-b show the two maps before fusion. The maps have about 5◦
rotation. The proposed method is used to find the relative rotation between the maps.
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Figure 8: a) map1 , b) map2 , c) map2 after tuned rotation, d) two maps after transformation.
By applying the Hough Rotation block of Algorithm 1, an approximate rotation is
extracted as ψ̂ = −15◦ .
Then the Algorithm 1 continues with Multiple Hypothesis. Fig. 9-a shows h1 (θ)
and h2 (θ+ψ) in blue and red colors. h1 (θ) is the output of f (·) on map1 and h2 (θ+ψ)
is the output of f (·) on map2 , where f (·) is max(·) function. To find ψo the result
of the circular cross correlation has been depicted in Fig. 9-b. The result has four
local peaks, Ψo = {−5◦ , 85◦ , 175◦, −95◦ }. These peaks are considered as potential
candidates for ψo . The approximate rotation which is ψ̂ = −15◦ is close to −5◦ . Based
on (26) the rest of the experiment continues with ψo = −5◦ .
To compare the effect of other alternatives for f (·), averaging over non zero elements of the given input vectors has been examined. Fig. 9-c and Fig. 9-d show h1 (θ)
and h2 (θ + ψ) and the result of correlation. This time the result has bigger offset from
the required estimated value. Entropy of the input vector has been also evaluated which
has an offset of the order of averaging function. max(·) produces better results and is
used for other experiments in this paper.
After the tuning method ψ becomes −5.5◦. The result of the final alignment is
shown in Fig. 8-c.
Now the next step which is finding the translation is started. In this step first Hough
images of map1 , m1 and rotated map2 , m′2 are generated. These two images are
shown in Fig. 10-a and 10-b respectively. Using the data association of algorithm 2
and solving (30), the initial estimate for the translation To is [23, 1]T . (vgate and dgate
for all experiments are 10 and 30, set by experiments.) Then using the exhaustive
search and evaluating the image entropy the translation is tuned to be [27, 2]T . Fig.
10-c shows the convergence of the image entropy. The initial estimate is shown by a
circle and the tuned estimate is shown by a square. Finally Fig. 8-d shows the final
alignment of both maps. The verification index, defined in (34) is 94%.
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Figure 9: a) h1 (θ) and h2 (θ + ψ) when f (·) is max(·), b) Result of circular cross
correlation. Four local peaks are at −5◦ , 85◦ , 175◦ and −95◦, c) h1 (θ) and h2 (θ + ψ)
when f (·) is averaging, d) Result of circular cross correlation. Two local peaks are
−30◦ and 150◦ .

5.2 Gazebo Simulation with Four Vehicles
This experiment is performed in ROS (Robot Operating System)-Gazebo [33] simulation environment. The simulated world is shown in Fig. 11-a, composed of 30 blocks
with different sizes and orientations. Four Erratic robots start to explore and map the
world using the gmapping algorithm [16]. As figures 11-b to 11-f show, each robot
covers almost half of the world. The amount of overlap between the maps is shown in
Table 1. (numbers are approximate.). Fig 11-e shows four final maps fused using the
proposed algorithm.
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Figure 10: a) Hough image of map1 with peaks points marked with white squares, b)
Hough image of rotated map2 with peaks points marked with white squares, c) Tuning
translation by image entropy. The point shown by a circle is the initial estimate of the
translation. The point shown by a square is the tuned translation.
Table 1: Percentage of approximate overlaps between maps.
Robot R1 R2 R3 R4
R1
61
5
48
R2
61
52 15
R3
5
52
42
R4
48 15 42
-

5.3 Real Experiment with Two Vehicles
A real world experiment is performed with two CoroBots (Fig.7) in an indoor environment in the basement of Head Hall, the University of New Brunswick. The total area
is 81.02m2 and the lengths of robot trajectories are 22.5m and 25.9m. Fig.12-a and
Fig.12-b show the maps of the robots. Although the area of this experiment is not very
large, it is important for two reasons. First as the maps show, the required rotation is
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Figure 11: a) Simulated Gazebo world. Four Erratic robots map the world producing
four partial maps, b) map by robot R1, c) map by robot R2. d) map of robot R3, e)
map of robot R4, e) fused four maps to the coordinates of R1.
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close to 90◦ . Second the overlap between two maps is approximately 25.4m2 which is
31% of the total area and this is important to show the effectiveness of the algorithm
with small overlaps (The method proposed in [3] fails in this experiment due to small
overlap). The overlaps in two maps are shown by ellipses. In both maps, there are
non-overlapping corridors with almost the same size (15.5m and 12.2m). But the algorithm is capable of rejecting them as outliers and finding the transformation based
on the overlap. Fig.12-d shows final maps after fusion.

Figure 12: The experiment with two robots. a) map1 , b) map2 , overlaps of two maps
are shown by ellipses, c) fused maps.

5.4 Real Experiment with Three Vehicles
This experiment is performed in a larger environment, with a coverage area of approximately 600m2 and three agents are involved. Trajectories of robots are approximately
60m, 35m and 55m. By merging maps, loop closure happens successfully. Fig. 13-a,
b and c show three partial maps. Maps of Fig. 13-b and c are fused to Fig. 13-a. Overlaps of Fig. 13-a with other two maps are enclosed inside polygons. The fused global
map of the environment is shown in Fig. 13-d.

Figure 13: Three partial maps are fused together to generate a global map. (a) is the
base map where (b) and (c) are fused to that. Overlaps are marked with polygons. (d)
Final fused map which depicts loop closure.
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6 Discussion
In this section two issues are presented. First tuning algorithm parameters are discussed
and then results of the proposed method are compared with other related algorithms.

6.1 Tuning Parameters
Throughout the algorithm, a few parameters are introduced which need to be tuned
for good performance. Table I lists these parameters. In this paper, these parameters
have been tuned by trial and error however it is possible to use non-derivative optimization methods which is out of the scope of the paper. Repeated experiments show
that changing these nominal values for about ±15% does not affect the quality of the
output significantly.
Table 2: List of parameters with their nominal values.
Block
Parameter
Value
Hough
vgate : peak value threshold
10
Λ: rotation tuning interval
1◦
Rotation
vgate : peak value threshold
10
Hough
dgate : distance value threshold
30
Translation
∆x : translation tuning interval
10
∆y : translation tuning interval
10
Similarity Index verification threshold
92 %

6.2 Comparisons
As mentioned, a major benefit of the Hough peak matching for map fusion is the low
processing time requirement and its robustness. The proposed method is compared
with Adaptive Random Walk (ARW) map merging [2], the Hough spectrum method
[3], Map Segmentation [34], Fourier-Hough registration [7], and peak matching using
RANSAC [12].
ARW is based on search and verification. In ARW, the similarity indices of two
maps are calculated given a set of transformations. The set is composed of known rotations and translations. The transformation corresponding to the best similarity index is
selected as the start point of an adaptive random walk search to merge the maps more
accurately. Finding the initial transformation from the set takes the majority of the
processing time.
The Hough spectrum approach is based on correlation of Hough images and there
is no assessment on overlaps between maps. In this method, a spectrum function,
originally proposed in [6] by A. Censi et al., is defined on the Hough image. The
function is applied to both of Hough images of maps, then the correlation of the results
is used to find potential rotations. There are multiple candidates which all are processed
to find the translation. For each candidate a translation is calculated and at the end, only
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Table 3: Normalized processing time and efficiency comparison of four experiments
with three other methods, 1 Radish dataset, 2 Gazebo world with four robots 3
two CoroBots, 4 three CoroBots.
Experiment
Method
Hough peak matching
Map segmentation [34]
ARW map merging [2]
Hough spectrum [3]
Fourier-Hough transform
Peak matching using RANSAC

1

2
4
3
Processing (sec)
14
12
11
13
105 68
83
106
168 140 150 152
16
16 fails 17
19
17 fails 16
11
8
8
10

1

2
4
3
Verification (%)
94 92
92
94
95 91
92
94
93 90
88
92
92 89 fails 90
88 89 fails 87
77 81
83
80

one rotation and translation are accepted. Carrying over all rotation candidates requires
more processing time and computational power and makes the algorithm slow. For
each rotation, the translation is found using correlation of projections of the Hough
images along x and y directions. For example, if projections of the Hough image of
map m1 are shown by Px1 and Py1 and for the rotated map m2 by Px2 and Py2 , then
the peak of correlation of Px1 and Px2 results in the translation along x and the peak of
correlation of Py1 and Py2 generates the translation along y. This approach is effective
if projections have enough similar patterns, and this similarity happens only when there
is a significant amount of overlap between maps. Therefore, finding the translation fails
in maps with less overlaps.
Map segmentation is based on extracting thin lines from objects and walls of both
maps and matching them. First, edges are found using Canny edge detection. Then,
subsequent lines are extracted by smoothing the Canny edges. Edges are selected for
cross correlation matching using a histogram filter.
In the Fourier-Hough registration method [7], [41] and [30], first a 1D Phase correlation is applied to the Hough images of two maps to find the relative orientation. Once
the maps are aligned using the calculated orientation angle, a 2D convolution using the
Fourier transform is applied to the aligned maps to calculate the translation.
To demonstrate the effectiveness of the proposed algorithm, a simple implementation of the RANdom SAmple Consensus (RANSAC) algorithm [20] was also performed. RANSAC estimates a mathematical model from a set of observed data iteratively. The data is assumed to be noisy and contains inliers and outliers. RANSAC can
produce false models if the assumption does not hold. The peak points of the Hough
images were used as input data to calculate the transformation between the the corresponding images. Obviously, there is no a priori information about the transformation.
To use RANSAC, first a correspondence set between the peak points of the Hough
images must be established [20]. This correspondence is putative, and a subset of it
will in fact be mismatches (outliers); however, RANSAC can deal with this situation.
To establish the correspondence, for each peak (ρ, θ) in the first image, the match with
highest intensity and neighborhood similarity in the second image is selected. This
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process is implemented within a square search region centered on (ρ, θ). The size of
the square should be large enough to account for the distance of the corresponding
points generated by the transformation. Symmetrically, for each peak from the second
map, this process is repeated. If one peak in one image is claimed by more than one
peak in the other image, then the match with the highest similarity is chosen.
Once the correspondence set is determined, RANSAC is applied to calculate the
transformation as well as the modified correspondence within the set (inliers). To calculate the transformation, four corresponding peaks are selected randomly from the
correspondence set. A transformation is calculated for these peaks using equations (2)
and (3). Then the symmetric fitting error (distance) of all other correspondences with
respect to the transformation is calculated. To do this, the second Hough image is
transformed to the coordinates of the first Hough image using the transformation (this
process is also repeated by transforming the first image to the coordinates of the second image, to generate a symmetric transfer error). Ideally, if the transformation and
the correspondences are perfect, the corresponding peak points will fall on each other.
However, in reality, most of the peak points will not match; therefore, an error metric
must be defined to evaluate the transformation. This error should in some way represent the distance between the corresponding peak points after the transformation. A
proper definition of the distance of the peak points is very important to evaluate the
transformation accurately. In the Hough space, each peak point has two coordinates,
which are ρ (in pixels) and θ (in radians or degrees). Defining a distance with such
heterogenous coordinates is a challenging problem. One possibility could be to treat
the points in Hough coordinates in polar space and use the Euclidean distance in the
polar coordinates. However, since these peak points in Hough space actually correspond to lines in Euclidean space, we define the distance between two peak points as
the Euclidean distance between the end-points of the line segments.
Assume after applying the transformation, P = (ρ, θ) and P ′ = (ρ′ , θ′ ) are two
corresponding peaks from the two maps. Assume points pa and pb are the end-points
of the line segment corresponding to peak P . Similarly, pc and pd are defined as the
end-points of peak P ′ . Four distances between the end-points are defined as follows
(see Fig. 14)
d1

= ||pa − pc ||2 ,

(35)

d2
d3

= ||pa − pd ||2 ,
= ||pb − pc ||2 ,

(36)
(37)

d4

= ||pb − pd ||2 ,

(38)

where ||pi − pj ||2 represents the Euclidean distance of two points pi and pj . Now the
following metric is used to calculate the distance of the line segments
D = (d1 + d4 )(d2 + d3 ).

(39)

This metric accurately models the distance of two line segments in different configurations. For instance, when the line segments are identical (pa = pc , pb = pd , and
pa 6= pb ), D is zero. Similar results are achieved by using the minimum of the two
main terms in equation (39), D = min(d1 + d4 , d2 + d3 ).
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Note that it is also possible to use the minimum of the distances as the error metric,
Dmin = min(d1 , d2 , d3 , d4 ); however, Dmin does not distinguish between certain
configurations of the line segments. For instance, as shown in Fig. 15, Dmin outputs
zero for two line segments with different configuration but pa = pc , (d1 = 0). The
mean of the distances, Dmean = mean(d1 , d2 , d3 , d4 ), is another metric, but it does
not output zero for two identical line segments, pa = pc , pb = pd , and pa 6= pb .
pb
d4
pd

d2

d3

pa
d1
pc

Figure 14: Two line segments are shown in solid black and red. The distance between
the two line segments is defined based on the distances of the end-points of the line
segments.

pb

pb
d4
d4

pd
d3

d3
pd

d2
d2
pa

pc

pa

pc

Figure 15: Two line segments are shown in solid black and red in two different configuration. In both cases d1 is zero. Dmin = min(d1 , d2 , d3 , d4 ) is also zero in both
cases.
The process of selecting random peak points and evaluating the transformation
continues until for a pre-defined number of iterations or until the error converges. The
best transformation is the one that has the lowest error [20].
Table 3 summarizes the comparison of the processing time and verification for all
three experiments (results are normalized for one pair of maps). For the third experiment, the Hough spectrum approach fails due to having less overlaps. For the same
reason, the Fourier-Hough fails to calculate the transformation. As the results show,
the proposed method operates fast and the verification index shows the accuracy of the
results.
Experiments with different overlaps show the effectiveness of the proposed algorithm. In the first experiment, RADISH dataset, there was an approximate overlap of
70%. In the Gazebo simulation, the overlap between robots is shown in Table 1. In the
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last two real world experiment, the overlap were approximately 31% and 38%.
The time complexity of the proposed algorithm is very close to the RANSAC algorithm; however, RANSAC generates less accurate results. There are a few reasons
for this inaccuracy; in the proposed algorithm, the transformation is calculated in two
steps: rotation and then translation; however, RANSAC estimates these parameters
together. More parameters require many more trials to find the best transformation
(RANSAC for each experiment was iterated at least 1500 times.). Moreover, in the
proposed algorithm, multiple hypotheses for the rotation angle are considered, unlike RANSAC which has no strategy to deal with multiple hypotheses. Additionally,
RANSAC works well if the translation and rotation between the maps is small. For example, in visual odometry, the pose of the camera between two frames does not change
substantially and therefore RANSAC can find a reasonably accurate transformation. In
a typical map merging problem, the displacement and the rotation is very large.
It is also possible to integrate RANSAC with the proposed algorithm to find an
initial estimate and then use the proposed algorithm to refine the results. This technique
has been used by other researchers in similar problems such as 3D SLAM [11].

6.3 Shape of World
Most map merging algorithms rely on the orthogonality of the world to find the relative
rotation. This is a limiting assumption that makes those algorithms applicable to rectangular shapes with orthogonal lines. An advantage of the proposed algorithm in this
work is overcoming this assumption. As mentioned in Algorithm 1, given two maps,
the Hough transform is applied to both to generate the Hough images. Then peaks of
the Hough images are extracted to find the relative rotation. When the Hough transform
is applied, lines in all different angles are extracted. Moreover, in the Multiple Hypothesis Block, if there exist multiple hypotheses for rotation, due to the specific shape of
the world, it is handled using the rotation verification procedure, as explained. The
independence of the proposed algorithm from the orthogonality of the world models
has also been verified in the Gazebo experiment, where random blocks are placed in
different angles with respect to each other (Fig. 11-a).

6.4 Percentage of Overlap
In general, it is not easy to determine the required overlap between the maps to successfully merge them. This is because maps of different environments have different
forms and there is no closed form to represent them mathematically. In this section for
a given map, map merging for different amounts of overlaps has been investigated experimentally. The simulated map, shown in Fig. 16, has been divided into two smaller
maps with different overlaps, from 10% to 90% (10% overlap means that the map is
divided such that 10% of the map is available in both smaller maps). In each of the
nine cases, one of the maps is transformed by a predetermined transformation. Then,
the proposed algorithm has been applied to the maps. Fig. 17 evaluates map merging
for different overlaps. Note that in this case, a ground-truth map exists; therefore, the
merged map is compared with the ground-truth map, and the percentage of the matching cells are shown as a similarity score on the y axis. For this highly cluttered map,
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when the overlap is more than 50%, the matching is acceptable; however, for a different map, the required overlap might be lower or higher; for example, in the experiment
with two robots, the overlap was approximately 31%.

m1

m2

Figure 16: The map has been divided into two smaller maps with known overlap.
One of the maps has been transformed by a predetermined transformation. Then the
proposed algorithm has been applied to the local maps. Two small maps are shown
inside red and blue rectangles. In this case, the overlap is 10%. This process is repeated
9 times with varying overlapping areas.

6.5 Distorted Maps
One of the limitations of any map merging algorithm is handling the error accumulation
in the individual maps. Error accumulation in a map usually manifests as a distorted
map. For instance, straight walls look bent or curved. In map merging, robots do
not have access to raw data (scanning laser measurements, for example) and therefore
cannot modify or manipulate the shared maps to remove the distortion directly. In
practice, to have a map merging algorithm to work, the maps of the individual robots
are self-consistent and accurate.
To evaluate the robustness of map merging against the error accumulation (distortion), an experiment is performed. Two maps from the world shown in Fig. 16 are
generated. The experiment is repeated twice with different overlaps, 40% and 70%.
In each repetition, similar to the previous discussion, one of the maps is transformed
arbitrarily. Then rotational distortion is applied to both maps with respect to the center
of the maps. In other words, if a cell is far from the center of the map, it will experience
more distortion compared with closer cells. A distorted rotation matrix, shown by Rd ,
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Figure 17: The similarity score for different overlaps. If the overlap is more than 50%,
map merging generates acceptable results.
is defined as follows
Rd =




cos(dij α) sin(dij α)
,
−sin(dij α) cos(dij α)

(40)

where d is the distance of cell i, j from the center of the map, and α is the angle of the
distortion. This rotation matrix is applied to both maps. Fig. 18-a shows a map and
Fig. 18-b shows the same map, but distorted by α = 0.04◦ . Notice that for this map,
the distortion in the center of the image is zeros but on the furthest boundaries of the
map it is 16◦ , given the size of the map which is 480 × 640.
For each overlap, the proposed algorithm is applied to the maps for five different
distortion angles, α. These values are 0.02◦, 0.04◦ , 0.06◦ , 0.08◦ , and 0.1◦ . The distortion on the furthest boundaries of the map is 8◦ , 16◦ , 24◦ , 32◦ , and 40◦ , respectively.
Fig. 19 shows the verification index with respect to different distortions. With the given
measure of the distortion, when the maximum distortion is more than 8◦ (α = 0.02◦ ),
the verification index decreases significantly. Therefore, in order to have map merging
operational, the local maps should have very low distortion.

7 Conclusion
Multiple robot map merging in the Hough space has been presented that is fast and
robust. The proposed algorithm is designed to work in structured environments. The
peaks of the Hough image are used to model the real world and find overlaps between
maps. Then the overlaps are used to calculate the relative transformation. Other prop31

Figure 18: a) a map with no distortion, b) the same map distorted by α = 0.04◦ . In
this case, the maximum distortion, which is 16◦ , occurs on the boundaries of the map.
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Figure 19: The similarity score for different distortions for two maps with 40% and
70% overlaps. If the distortion increases, map merging fails to generates acceptable
results showing that the combination of high distortion and low overlap between the
maps is difficult to compensate for.
erties of the Hough transform are used to boost the speed and efficiency of the proposed method. Experiments on datasets and collected data show the effectiveness of
the method. Efficiency and processing time comparison with other established methods
show that the proposed method is both fast and accurate.
In future work, an efficient iterative peak matching will be investigated to solve
for all variables of the transformation matrix at once to further increase the speed.
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Also choosing the appropriate time or criteria to fuse maps optimally is another open
problem to be investigated.
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