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Abstract— Simultaneous Localization and Mapping, or
SLAM, is required for mobile robots to be able to explore
prior unknown space without a global positioning reference.
While multiple robots can achieve the exploration task more
quickly, this benefit comes with the cost of added complexity.
Probabilistic occupancy grid maps from multiple agents must
be merged in real-time without any prior knowledge of their rel-
ative transformation. In addition, the probabilistic information
of the maps must be accounted for and fused accordingly. In
this paper, a probabilistic version of the Generalized Voronoi
Diagram (GVD), called the PGVD, is used to determine the
relative transformation between maps and fuse them. The new
method is effective for finding relative transformations quickly
and reliably. In addition, the novel approach accounts for all
map uncertainties in the fusion process.

I. INTRODUCTION

The ability of an autonomous agent to sense its envi-
ronment and situate itself within this environment is a cor-
nerstone of mobile robotics. Simultaneous Localization and
Mapping (SLAM) is the process of exploring an unknown
environment and concurrently generating a consistent map
of the world by fusing available sensor data. As such, the
pose of the robot can be estimated and the environment map
can be built [1].

Extensive literature exists on SLAM for a single mobile
platform, for a review see [2]. However, exploring unknown
environments with multiple mobile agents has received com-
paratively less attention and can have significant advantages,
including:
• Exploration and mapping can be done more rapidly.
• A distributed system is more robust to failures [3].
• Results are more accurate due to redundancy of data.
With the stated benefits of multiple robot SLAM comes

significant challenges in implementation. The two main
problems to be overcome are map merging without a global
position reference, and map fusion incorporating map uncer-
tainty. Information within the maps must be used to achieve
this fusion and scalability with map size is a significant issue.

Many proposed approaches to multiple robot SLAM exist
in the literature. Feature-based multiple robot SLAM has
been implemented with an information filter [4], Extended
Kalman Filter [5] and fuzzy logic [6]. Another approach is
to require that robots detect each other at some point during
exploration to determine their relative pose [7]. However,
this requirement is quite restrictive on the type of exploration
algorithms that can be used. In [3], maps are merged using a
random walk algorithm that is shown to be time consuming
and not able to identify the case where maps have no match.

This paper presents a novel map fusion algorithm that
exploits the properties of the Generalized Voronoi Diagram
(GVD) to achieve fast and accurate map fusion for large

maps. The GVD is built using fast morphological operations.
In addition, the uncertainty in the maps is used to build a
probabilistic GVD (PGVD) that encapsulates not only the
topological structure of the map, but also the confidences
associated with different areas of the map. Once the PGVDs
are built, edges are matched using a 2D cross correlation
that will preferentially match the areas of the PGVD that
have higher confidences. Map fusion is then achieved with
an entropy filter. The result is a fast, reliable, and robust
method of fusing maps for multiple robot SLAM.

To summarize, the contributions of this research to multi-
ple robot SLAM include:
• The morphological skeleton-based platform for map

fusion,
• A formulation for propagating the uncertainty of the

transformation to a transformed map,
• The PGVD structure for occupancy grid maps,
• The 2D cross correlation framework to match edges of

the PGVD,
• Applying the entropy filter to account for uncertainty

when fusing occupancy grid maps.
It will be shown that the result is that maps are fused quickly
and accurately.

The rest of the paper is organized as follows: Section II
presents some background and previous literature, Section
III presents the proposed uncertainty propagation method,
Section IV introduces the proposed method for topological
multiple robot SLAM, Section V presents some experimental
results from both online data sets and experiments conducted
in the lab, and Section VI makes some general conclusions
and discusses future work.

II. BACKGROUND

The general approach taken here is to achieve SLAM
through graph matching where a graph is some reduced form
topological representation of the higher level map structure
[8]. The Generalized Voronoi Diagram (GVD), described
in next sections, is an appropriate graph structure. In the
subsequent, applications of multi-robot SLAM that have used
graph structures are summarized.

The Generalized Voronoi Diagram (GVD) is the set of all
points in the free space of a map that are equidistant from at
least the two closest obstacles. The GVD can be interpreted
as a topological representation of the map structure that
contains the key information intrinsic to the map but in a
much more compact, one-dimensional form.

In [9], topological SLAM for a single robot is proposed
based on the generalized Voronoi diagram. In [10], an
Annotated Generalize Voronoi Graph (AGVG) is used for
single robot SLAM. The proposed method is based on a



matching scheme for solving the data association problem.
The method identifies the corresponding parts of the map in
two tree-formed Voronoi graphs, one form represents a local
observation and the other form represents the internal map
of the robot. In [11], multirobot SLAM based on topological
map merging using both structural and geometrical charac-
teristics of the Voronoi graph is proposed. The assumption
in this work is that a robot will be able to recognize areas
of the map that correspond to vertices.

A common problem encountered when using retractions
for SLAM is that the deformation retraction is difficult to find
in a closed form and heuristic methods for generating it tend
be slow. In [12], a higher dimension Generalized Voronoi
Graph (GVG) is proposed. The proposed GVG method is
used to improve single robot SLAM in [9]. In [13], an
Extended Voronoi Graph (EVG) algorithm is proposed to
improve the efficiency of building the GVD when the robot
is limited with its sensory horizon. In [14] a dynamic version
of the GVD is proposed which improves performance near
non-convex obstacles. Though this method has good results,
it is time consuming. In Blum’s method introduced in [15],
the GVD is developed using a Maximal Inscribed Circle
(MIC) method. All points of the free space for which the
MIC contains at least two occupied cells are in the GVD.

In our approach, morphological operations are used to
define the deformation retraction to generate the GVD as
is explained in Sec. IV-C. The proposed approach is fast
enough to be used in real-time and guarantees connectedness
of the skeleton [16]. In addition, the probabilistic nature of
the proposed PGVD allows areas of the maps that are known
with higher certainty to be preferentially matched.

III. TRANSFORMATION UNCERTAINTY

Uncertainty in this context is identified as having five
main causes: environment, sensors, robots, models and com-
putations. Thrun et al. state that “Uncertainty arises if the
robot lacks critical information for carrying out its task”
([2]). There is an uncertainty associated with the relative
transformation matrix represented in the form of a covariance
matrix. This uncertainty is mainly caused by modeling uncer-
tainties, sensor noise and linearization effects. When a map is
transformed, the covariance of the transformation should also
be taken into account. The covariance error is propagated
using the linearized uncertainty propagation (LUP) formu-
lation. The LUP is a novel map merging method proposed
in this paper which takes into account the uncertainty of the
relative transformation between the maps during the fusion
process. This section addresses the propagation of the relative
uncertainty between two local maps given the transformation
matrix and its covariance. First the formulation for a single
cell is explained, then it is extended to cover all cells.
Assume that P1 =

[
x1 y1

]T
is a point from map mi that is

transformed to another point, P2 =
[
x2 y2

]T
, with a given

transformation f(·) defined by:

P2 = RψP1 + T = f(ψ, T, P1), (1)

where Rψ is a 2×2 rotation matrix and T is a 2×1 translation
vector:

Rψ =

[
cosψ sinψ
− sinψ cosψ

]
, T =

[
xt
yt

]
(2)

Assume that the covariance of the transformation matrix is:

Σtr =

σ2
xx σ2

xy σ2
xψ

σ2
xy σ2

yy σ2
yψ

σ2
xψ σ2

yψ σ2
ψψ

 , (3)

In general, the nonlinearity of the transformation will cause
a non-Gaussian distribution. However, it is possible to ap-
proximate the non-Gaussian distribution with a Gaussian
distribution using linearization as follows

Σ = FΣtrF
T (4)

where Σ is the covariance after the transformation and F
is the Jacobian of f(·) introduced in (1). By applying this
approach, Σ becomes

Σ =

[
Σ11 Σ12

Σ21 Σ22

]
, (5)

where

Σ11 = σ2
xx + 2σ2

xψr1 + σ2
ψψr

2
1

Σ12 = σ2
xy + σ2

xψr1 + σ2
yψr2 + σ2

ψψr1r2
Σ21 = σ2

xy + σ2
xψr1 + σ2

yψr2 + σ2
ψψr1r2

Σ22 = σ2
yy + 2σ2

yψr2 + σ2
ψψr

2
2.

(6)

In (6), r1 and r2 are defined for the simplification of Σ as

r1 = −x1 sinψ + y1 cosψ
r2 = −x1 cosψ − y1 sinψ.

(7)

This relation gives the shape of the Gaussian distribution for
every point. If this formulation is applied to all points of
map mi, then the resulting transformed map, m′i, will have
points with their mean determined by (1) and the covariance
calculated using (5). This is equivalent to the image Gaussian
blur filter with varying mean and covariance defined by

µ = Rψ ⊗mi ⊕ T
m′i = N(µ,Σ) ~mi,

(8)

which means that mi undergoes a Gaussian blur filter de-
noted by ~, where the specification of the filter is defined
by N . N(·, ·) is a 2D Gaussian distribution with mean and
covariance defined in its first and second arguments. The
operators ⊗ and ⊕ are rotation and translation operators
applied on mi. Now m′i can be fused with its pair map,
mi, using an entropy filter which will be explained later.

IV. PROBABILISTIC MAP MERGING WITH THE GVD

For simplicity, consider the case of two mobile robots, R1

and R2, equipped with laser rangers exploring an environ-
ment and building occupancy grid maps (OGM) [2]. In an
OGM representation, each cell in map mk(i, j) is a binary
random variable (RV) where p(mk(i, j) = 1) = p(mk(i, j))
is the probability that the cell at location (i, j) is occupied.



It is convenient to represent the values in the OGM using
the log odds representation of occupancy [2]:

lk(i, j) = log
p(mk(i, j))

1− p(mk(i, j))
(9)

Without loss of generality, assume that R2 transmits its local
map, map2 to R1 through a wireless channel. R1 is now
responsible for incorporating the transmitted map into its
own local map, map1. There are three main challenges that
need to be overcome:

1) The relative transformation from map1 to map2 needs
to be found.

2) Uncertainty of the transformation should be taken into
account in the transformation.

3) The OGM probabilities from map2 need to be incor-
porated with the OGM probabilities of map1.

The relative transformation between the maps is a result
of the relative initial poses of the robots. Assuming that there
is no access to a global reference, the only way to extract
this transformation is by processing the maps themselves.

The proposed probabilistic skeleton method accounts for
all issues.

Fig. 1. (left) The proposed map
fusion algorithm. Two input maps,
map1 and map2, are fused by find-
ing their relative transformation ma-
trix. No prior information is avail-
able regarding the relative position
of two respective robots, robot1 and
robot2. (right) Experimental robots,
CoroBots, each equipped with a laser
ranger and wheel encoders.

An overview of the elements of the algorithm is shown
in Fig. 1. In the first block, Rotation Alignment, the
relative orientation between the maps is found using Radon
transform. The covariance of the orientation is then calcu-
lated. The rotated map is oriented given the rotation and its
covariance. This is performed in the Rotation Uncertainty
block using (8) assuming zero translation. Then in the
Probabilistic GVD block, the GVD is extracted while taking
into account the uncertainty of the OGM . The GVD in the
Graph Representation block is formulated mathematically.
Then in the Edge Matching block, edges of the graphs are
cross matched to find the translation. Based on the matching
edges, the covariance of the translation is calculated in
Translation Uncertainty using (8) assuming zero rotation.
This covariance is used to translate the map taking into
account the uncertainty of the translation. Finally in the
Entropy Filter block, the aligned maps are fused by an

entropy filter. The subsequent sections will describe each of
the block components in detail.

A. Rotation Alignment

In structured environments like urban or indoor settings,
the relative rotation between maps can be found easily using
the Radon transform as shown by the authors in previous
work [17], [18]. The Radon transform is the projection of
the image intensity along a radial line oriented at a specific
angle. Peak points in the Radon transform will correspond to
straight line segments in the image. As a result, it is possible
to resolve the relative rotation, ψ, between two images by
looking for peaks in the Radon images of both maps.

ψ = arg min
θ
Rθ=0:180(map1)− arg min

θ
Rθ=0:180(map2),

(10)
where Rθ=0:180(mi) is the Radon image of the input map
over the specified domain of angles (θ).

At the outputs of this preprocessing block are the two
aligned maps, m1 and m2 given by:

m1 = map1 (11)
m2 = T0,0,ψ(map2) (12)

where Tx,y,α(m) is a transformation matrix representing a
translation by (x, y) and a rotation by α. It is assumed that
both maps now have the same size: M ×N .

B. Rotation Uncertainty

The uncertainty in the relative rotation must be accounted
for in the subsequent calculation of the relative translation.
This can be done using the general formulation in (8) pre-
sented for transformation uncertainty. This means that after
finding the rotation, its uncertainty on the map is propagated
using (8), assuming zero translation and σ2

xx = σ2
yy = σ2

xy =
0. Now the process of finding the relative translation can
be done knowing that uncertainty of the rotation is already
incorporated into the rotated map.

C. Building the Probabilistic GVD

Finding the relative translation between maps is much
more challenging than finding the relative rotation. The
search for overlapping parts of maps can be slow. As a result,
we use a novel probabilistic topological representation of the
map as described in this section.

The probabilistic GVD (PGVD) is found for each of the
two maps, m1 and m2. In general this process is completed
in two steps:

1) Find the GVD efficiently using mathematical morpho-
logical operations on the binary OGM.

2) Compute the associated probabilities of each cell in the
GVD based on the actual probabilities in the OGM.

1) Finding the GVD using Mathematical Morphology:
Mathematical morphology (MM) defines the application of
set operations on binary images using convolution between
the image and defined masks. It has been used extensively
in computer vision and image processing. A set of basic
operators are defined in MM like Erosion, Dilation, Opening,



Closing, Skeleton and Hit-or-miss transform with different
properties. The most important property is that they are
translation invariant.

The GVD of the binary map is generated using eight
D-type hit-and-miss transform masks [16]. Each mask is
designed for a particular situation to guarantee the connect-
edness. The GVD is represented as a matrix, S, with the
same size as the map defined as:

S = [si,j ]i=1..M,j=1..N =

{
1 if m(i, j) ∈ GVD
0 otherwise (13)

Fig. 2-a depicts a simple environment with the occupied cells
and the GVD, S.

Fig. 2. a) The GVD generated from the OGM. b) The PGVD contains
probabilistic information based on the probabilities in the OGM

2) Finding the Probabilistic GVD: The skeleton devel-
oped by this approach does reflect the uncertain nature of
the OGM. While the GVD structure is generated from a
binary version of the OGM, the probabilistic information in
the OGM should be reflected in the GVD structure. A new
structure, coined the probabilistic GVD (PGVD) is built that
combines the structure of the GVD with the probabilistic
nature of the OGM and is shown in Fig. 2-b.

Definition 1: The Contact Points of a cell in the GVD are
all the occupied cells in m that have the same distance from
the cell as the closest occupied cell.

For example in Fig. 2-a, c1 and c2 are contact points of
Gi.

Definition 2: Probabilistic GVD: Each cell in the GVD is
represented by a binary RV representing the probability that
it has two or more occupied contact points based on their
probabilities of occupancy in the OGMs.

Consider that a GVD, S, contains s cells, Gi, i = 1..s.
Each cell in the GVD has an associated set of ni contact
points in the binary map m.

The PGVD, Sp has the same structure as the GVD, except
that each of the s cells is represented as a binary RV, Gpi , i =
1..s where p(Gpi = 1) = p(Gpi ) is the probability that cell Gpi
has been correctly placed in the GVD. Each cell in the PGVD
has an associated set of contact points Ci = {c1, c2, ..., cni

},
i = 1..s, where these contact points are at the same locations
as the contact points of Gi except they are in the OGM so
they have associated probabilities of occupancy. Each contact
point is a binary RV where p(cj = 1) = p(cj) ∀j = 1..ni
is the probability that the contact point is occupied taken
directly from the OGM.

A cell belongs in the GVD if at least 2 of the contact
points are occupied. For each cell in the PGVD Gpi , we

must determine the probability that it has at least 2 occupied
contact points based on their probabilities of occupancy.

To do so, another RV NGp
i

is defined which represents the
probability distribution of the number of occupied contact
points of Gpi . p(NGp

i
= k) is the probability that cell Gpi

contains k occupied contact points.
The p(NGp

i
= k) is defined as a function of ni, the number

of contact points in the OGM, and k, the number of contact
points that are actually occupied:

P (NGp
i

= k) = f(ni, k). (14)

The function f(ni, k) can be defined recursively using the
following:

f(ni, k) = p(cni
)f(ni−1, k−1)+(1−p(cni

))f(ni−1, k).
(15)

The base cases for the recursion are cases where all of the
cells must be occupied or none of the cells must be occupied:

f(ni, ni) =

ni∏
j=1

p(cj) (16)

f(ni, 0) =

ni∏
j=1

(1− p(cj)) (17)

We will proceed to prove that this function f(ni, k) provides
the valid probability density function for the RV NGp

i

Theorem 1:
n∑
k=0

f(n, k) = 1 (18)

Proof: By induction:
Base case: n = 1
1∑
k=0

f(1, k) = f(1, 0) + f(1, 1) = p(c1) + (1− p(c1)) = 1

(19)
from (16) and (17).

Induction step:
Assume true for n− 1:

n−1∑
k=0

f(n− 1, k) = 1 (20)

Consider n:
n∑
k=0

f(n, k)

= f(n, 0) + f(n, 1) + ...+ f(n, n− 1) + f(n, n)

= −p(cn)f(n− 1, 0) + f(n− 1, 0)

+ p(cn)f(n− 1, 0)− p(cn)f(n− 1, 1) + f(n− 1, 1)

+ p(cn)f(n− 1, 1)− p(cn)f(n− 1, 2) + f(n− 1, 2)

+ p(cn)f(n− 1, 2)− p(cn)f(n− 1, 3) + f(n− 1, 3)

+ ...

+ p(cn)f(n− 1, n− 1)

= f(n− 1, 0) + f(n− 1, 1) + ...+ f(n− 1, n− 1)

=

n−1∑
k=0

f(n− 1, k) = 1



Induction is complete.

Corollary 1: The number of additive terms in∑ni

k=0 f(ni, k) is 2ni

Proof: The number of additive terms in f(ni, k) is(
ni
k

)
=

ni!

k!(ni − k)!
(21)

It is also well known from combinatorial analysis by sum-
ming the entries in Pascal’s triangle that:

ni∑
k=0

(
ni
k

)
= 2ni (22)

Therefore f(ni, k) is a valid probability density function
that produces all possible combinations of contact points and
sums to 1.
p(Gpi ) is now given by:

p(Gpi ) = p(NGp
i
≥ 2) =

n1∑
k=2

p(CNi = k)

= 1− f(ni, 0)− f(ni, 1) (23)

The PGVD is now defined as:

Sp =
⋃
i=1..s

Gpi (24)

The output from this block will be a PGVD Spk for each
input map mk with k = {1, 2}.

This new probabilistic topological representation of the
environment will be shown in subsequent sections to have
significant advantages.

D. Graph Representation

The PGVD is then processed to be represented as a graph
with edges and vertices. A vertex can be identified as any cell
in the PGVD with more than two adjacent occupied cells.
Fig. 3-a shows a sample skeleton with vertices marked with
’v’. The set of all vertex points is defined as V .

To identify edges in the graph, a dilation mask is applied
to each vertex in V . The dilation mask is shown in Fig. 3-b.
The result of the dilation operation is a new map D (Fig.
3-b) that contains the dilated vertices. The edge matrix E is
found as Sp − D, as shown in Fig. 3-c. This operation is
performed on each of the two GVDs to produce two edge
maps: Ek, k = {1, 2}.

Fig. 3. a) A sample GVD with vertices marked by a ’v’ b) Vertices are
dilated by the morphological Dilation operator to extract edges c) Edges of
the GVD. Cells bounded by the dashed line depict the bounding matrix of
an edge.

E. Edge Matching for Translation Alignment

The probabilistic edge matrices (PEM), Ep1 and Ep2 , have
the same structure as the edge matrices, E1 and E2, but the
cells are the probabilistic ones extracted from the PGVD.
These PEMs are now used to find the translational trans-
formation between the two maps m1 and m2. Edges with
short lengths are removed to avoid processing short edges
which have a higher chance of producing false positives. The
edges of each probabilistic edge matrix are matched using a
2D cross correlation. To speed up the cross correlation, each
edge from each edge matrix is represented as a sub-matrix
of E where its size is such that it is as small as possible
while still containing the entire edge. Fig. 3-c shows an edge
bounded by a dashed boundary line.

For a given edge matrix, Epk with Nk edges, each edge,
eikk , ik = 1..Nk is given by (refer to Fig. 3-c):

eik = Epk(pri:pri+mi,pci:pci+ni)
(25)

To perform matching, each edge of Ep1 is cross correlated
with each edge of Ep2 .

The 2D cross correlation of two matrices ei11 and ei22 with
the respective sizes (m1 × n1) and (m2 × n2) is defined as

E(i1,i2) = [εi,j ]i=0,...,m1+m2−1,j=0,...,n1+n2−1 (26)

= ei11 ? ei22 =

m−1∑
k=0

n−1∑
l=0

ei11 (k, l)ei22 (k + i, l + j)

where E(i1,i2), the cross correlation matrix of edge ei11 and
edge ei22 , has size (m1 + m2 − 1) × (n1 + n2 − 1). The
operator ? denotes the 2D cross correlation operation.

The maximum value in the E(i1,i2) matrix quantifies the
best match between ei11 and ei22 based on the all possible
combinations of translations between the two edge matrices.
This value is computed using (27) for every combination of
edges: i1 = 0..N1 and i2 = 0..N2.

Then we can define the similarity matrix, Γ2
1, between Ep1

and Ep2 as:

Γ2
1 = [γi1i2 ]i1=1..N1;i2=1..N2 = max (E(i1,i2)) (27)

The best candidate for a match corresponds to the maximum
value in the similarity matrix Γ2

1:

[i∗1, i
∗
2] = arg max(Γ2

1), (28)

where i∗1 and i∗2 are the indices of the most likely similar
edges from the two maps.

The relative translation is calculated by resolving the
translation vector which matched these two edges using the
following relation [17]:

Tx,y,0 =

δxδy
0

 =

µx(e
i∗1
1 )− µx(e

i∗2
2 )

µy(e
i∗1
1 )− µy(e

i∗2
2 )

0

 (29)

where the µx(·) and µy(·) functions return the mean values
of the elements of the input matrix, evaluated along the x
and y axes respectively.



Fig. 4. a) map1, b) map2, c) map′2, rotated map2, d) PGVD of map1, e) PGVD of map′2, f) PEM of map1, g) PEM of map′2, h) Fused map.

The final transformed map is defined as:

mT
2 = Tx,y,0(T0,0,ψ(map2)) = Tx,y,ψ(map2) (30)

It should be emphasized that the associated probabilities for
each cell in the edges of the PGVD play an important role
in determining the values from the cross-correlation. Edges
with cells with higher confidence of being true GVD cells
will result in higher cross-correlation values.

1) Existence of Solution: False matches can be identified
by analyzing the expected results of the 2D cross correlation.

Assume that there is an edge with l1 cells within ei
∗
1
1 and

an edge with l2 cells within ei
∗
2
2 . Assume that the best match

in the 2D cross correlation results in L matching cells. Define
the subset of cells in eikk that were matched as εikk . We can
define the average confidence for the matched edge according
to:

αikk =
1

L

∑
l=1..L

p(εikk ) (31)

By expansion of (27), max(E) becomes αi11 α
i2
1 L.

Given two edges with lengths l1 and l2 with unknown
mutual matching cells, the best matching or maximum value
in the correlation matrix should satisfy the following to be
considered as a candidate match:

max(E(i1,i2)) > ραi11 α
i2
1 min(l1, l2), (32)

where ρ is a desired matching percentage. If there is no
element in the Γ2

1 matrix to satisfy (32), then there is no
matching between the two maps.

F. Translation Uncertainty

The transformed map which included the effect of the
rotation uncertainty was used to find the translation. After
finding the translation, (8) is used again to propagate the
uncertainty of the translation, assuming zero rotation and
σ2
ψψ = 0. We now have a fully probabilistic representation

of the required transformation and can proceed to fuse the
maps.

G. Map Fusion with the Entropy Filter

After finding the relative transformation between the two
maps, the probabilities are combined and filtered to produce
the final map. The data that is received in m2 is akin to a
batch of sensor data and should be incorporated by using the
additive property of the log odds representation of occupancy
originally defined in (9).

lfused(i, j) = l1(i, j) + l2(i, j) (33)

for all i = 1..N, j = i..M . The probabilities can then be
recovered from the log odds representation using:

p(mfused(i, j)) = 1− 1

exp{lfused(i, j)}
(34)

The entropy filter is applied to the fused map, mfused [19].
The entropy filter compares the original map, m1 and the
fused map mfused and reject updates that resulted in higher
entropy.

For the case of a discrete binary RV, such as each cell of
the OGM, m(i, j) with p(m(i, j)) = pij , the entropy can be
described by [20]:

H(m(i, j)) = −pij log pij − (1− pij) log (1− pij) (35)

Mutual information, Iij is defined as the reduction in entropy
at location (i, j) between the original map, m1 and the fused
map, mfused:

Iij = H(m1(i, j))−H(mfused(i, j)) (36)

The final map, mfinal is defined as:

mfinal(i, j) =

{
mfused(i, j) Iij ≥ 0

m1(i, j) Iij < 0
(37)

where only values from mfused which resulted in positive
information are kept.

V. EXPERIMENTAL RESULTS

To demonstrate the effectiveness of the proposed method,
three experiments are presented. The first one is performed
on a well known data set for multiple robot SLAM. In
this experiment all the details of the proposed algorithm
are explained. The second experiment is another real world



Fig. 5. a) map1, b) map2, c), PGVD and PEM of map1 d), PGVD and PEM of rotated map2 e) Fused maps.

experiments performed with two CoroBots in an indoor
environment in the basement of the University of New
Brunswick (UNB). Finally, the last experiment shows the
map merging with three maps of the Department of Electrical
and Computer Engineering of UNB. The three robots used
are built by CoroWare, Inc. and each is equipped with high
speed Phidget Encoders and a Hokuyo UTM-30LX laser
ranger as shown in Fig. 1. SLAM on the individual robots is
performed with the particle filter implementation presented
in [7]. The same particle filtering is used to produce the maps
from the data set experiment.

A. Experiment 1: RADISH Dataset

The first experiment is performed on RADISH Fort AP
Hill dataset [21]. The raw laser ranger and encoder data are
recorded in a standard Player format [22]. Fig. 4-a and Fig.
4-b show two input maps before alignment, map1 and map2.
Fig. 4-c shows m2, map2 after applying alignment method
by Radon transform. The alignment is 5.5o. Fig. 4-d and
Fig. 4-e show the GVDs of m1 and m2. Fig. 4-f and Fig.
4-g show filtered PEMs of m1 and m2. The Γ2

1 matrix is
shown in (40). From (28), i∗ = 4 and j∗ = 3 which means
the fourth edge of the first map has the highest similarity
to the third edge of the second map. These two edges are
used to calculate the translation vector from (29). The final
transformation vector is Tx,y,ψ = [−25,−1, 5.5o]T .

From (31), α4
1 = 0.86 and α3

2 = 0.89 are the average
confidences of the matched edges. The lengths of these two
edges were 44 and 45 cells. The matching percentage, ρ
which represents matching confidence, was chosen to be
95%. According to (32)

(0.95)(0.86)(0.89) min (44, 45) = 31.99 < 32.9, (38)

therefore the match is valid. Note that the match of e11
with e12, represented in Γ2

1(1, 1) is disqualified because the
associated average confidences of those edges were higher:
α1
1 = 0.91, α1

2 = 0.92 and the lengths of the edges are 56
and 62.

(0.95)(0.91)(0.92) min (56, 62) = 44.54 > 31.6. (39)

Γ2
1 =



31.6 2.0 6.4 6.1 1.9 0.8 5.4
12.9 1.9 2.0 11.7 0.9 0.5 1.6
11.9 2.8 5.4 3.0 1.4 0.5 2.5

10.7 6.7 32.9 1.0 5.3 1.8 8.1
9.1 1.9 8.9 2.3 0.9 0.5 1.6
5.9 0.4 2.1 0.4 0.4 0.2 1.9
3.2 9.9 3.9 0.5 11.6 4.0 6.9
0.9 7.2 2.9 0.3 10.2 3.5 4.1


(40)

To show the benefit of the probabilistic approach, the Γdet
is shown in (41). In this case, matching is performed directly
on the GVD instead of the PGVD. Edges that were on the
periphery of the explored area in the GVD are now matched
quite well, when, in reality, those edges do not represent well
the structure of the discovered map. As a result, the correct
match is much less clear. Fig. 4-h shows the final aligned
maps.

Γdet



38 2 9 10 2 2 9
17 2 2 30 2 1 2
16 3 6 5 3 2 3

11 9 40 1 10 8 12
14 2 10 3 2 1 2
14 1 7 1 1 1 8
6 29 9 1 29 29 25
3 29 9 1 32 32 21


(41)

B. Experiment 2: two CoroBots

In this experiment, two differential-wheeled robots are
used. Fig. 5-a and Fig. 5-b show the OGMs built by the
robots. The total area is 81.02m2 and the trajectories were
22.5m and 25.9m. The area of this experiment is not very
large, but it is important because the overlap between two
maps is approximately 25.4m2 which is 31% of the total
area as shown by the ellipses. This shows the effectiveness
of the algorithm with small overlaps. In both maps, there
are non-overlapping corridors with almost the same size
(15.5m and 12.2m). But the algorithm is capable of rejecting
them as matching and finding the transformation based on
the overlap. Fig. 5-c and Fig. 5-d depict the PGVD of the
aligned maps with selected edges for matching marked with
numbers. The edges marked with number 2 in Fig. 5-c and
number 3 in Fig. 5-d are used to calculate the translation.
Finally, Fig. 5-e shows the final fused map applying the
proposed method.

C. Experiment 3: three CoroBots

This experiment is performed in a larger environment,
with a area of approximately 600m2 and three agents are
involved. The trajectories of the robots are approximately
60m, 35m and 55m. By merging the maps, loop closure
happens successfully. Fig. 6-a, b and c show the three local
maps. Maps of Fig. 6-b and c are fused to Fig. 6-a. The
overlapping region is indicated in the figure. The fused global
map of the environment is shown in Fig. 6-d.

D. Comparison

As mentioned, a major benefit of edge matching for map
fusion is the low processing time requirement. The proposed



Fig. 6. Three partial maps are fused together to generate a global map. (a)
is the base map where (b) and (c) are fused to that. Overlaps are marked
with polygons. (d) Final fused map which depicts loop closure.
method is compared with Adaptive Random Walk (ARW)
map merging [3] and Map Segmentation [17] methods.

ARW is based on search and verification. In ARW, the
similarity indices of two maps are calculated given a set
of known transformations. The transformation corresponding
to the best similarity index is selected as a start point
of an adaptive random walk for accurate merging. Map
segmentation is based on extracting thin lines from objects
and walls of both maps and matching them. Segments are
selected for cross correlation matching by a histogram filter.

Table I summarizes the comparison of the processing time
and verification for all three experiments. As the results show,
the proposed method operates at least eight times faster and
the verification index [3] shows the accuracy of the results.

TABLE I
PROCESSING TIME AND EFFICIENCY OF THREE EXPERIMENTS, 1
RADISH DATA SET, 2 TWO COROBOTS, 3 THREE COROBOTS.

Experiment 1 2 3 1 2 3
Method Processing (sec) Verification (%)
pgvd based 12 10 13 95 91 92
Map segmentation [17] 105 83 106 95 92 94
ARW map merging [3] 168 150 152 93 88 92

VI. CONCLUSION AND FUTURE WORK

A probabilistic multiple robot SLAM algorithm has been
presented that is fast and robust. The probabilistic Gener-
alized Voronoi Diagram is used to fuse maps and account
for uncertainties in the occupancy grid map. The proposed
method has been shown to preferentially fuse areas of the
maps that have low uncertainty. Experiments and comparison
with other established methods show that it is effective and
9 to 14 times faster.

In future work, it would be desirable to use the structure
of the GVD to verify the accuracy of the map matching. If
different pairs of edges are matched with high accuracy, then
the structure of the GVD could allow us to determine that
both sets of edges correspond to the same transformation,
increasing the likelihood of correct matching.
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